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GRADED SEMISIMPLE ALGEBRAS ARE SYMMETRIC
S. DA˘SCA˘LESCU1,2, C. NA˘STA˘SESCU1,3 AND L. NA˘STA˘SESCU1,3
Abstract. We study graded symmetric algebras, which are the sym-
metric monoids in the monoidal category of vector spaces graded by a
group. We show that a finite dimensional graded semisimple algebra is
graded symmetric. The center of a symmetric algebra is not necessarily
symmetric, but we prove that the center of a finite dimensional graded
division algebra is symmetric, provided that the order of the grading
group is not divisible by the characteristic of the base field.
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1. Introduction and preliminaries
Frobenius algebras are algebraic objects that arose from representation
theory of groups, but they are also present in other areas of mathematics,
for example in the theory of Hopf algebras and quantum groups, in the
theory of compact oriented manifolds, in topological quantum field theory,
etc., see [12]. A finite dimensional algebra A over a field k is Frobenius if
A and its k-dual A∗ are isomorphic as left A-modules, or equivalently, as
right A-modules. There are certain Frobenius algebras having more symme-
try and also a rich representation theory; these are the symmetric algebras.
A is called symmetric if A and A∗ are isomorphic as A,A-bimodules, or
equivalently, if there exists a linear map λ : A→ k such that λ(ab) = λ(ba)
for any a, b ∈ A, and Ker λ does not contain non-zero left ideals. It was
proved by Eilenberg and Nakayama in their pioneering work [7] on Frobe-
nius algebras that a finite dimensional semisimple algebra is symmetric. An
equivalent characterization of Frobenius algebras, given in [1], opened the
way to study Frobenius algebras in monoidal categories, which was initi-
ated in [16], [19], see [3] for more recent developments. Symmetric algebras
have also been considered in monoidal categories with more structure (ex-
istence of duals), for example in sovereign categories, see [9]. It seems to
be an interesting problem to understand the structure of Frobenius (sym-
metric) algebras in certain monoidal categories. A study in this direction
was done in [6] for the category of vector spaces graded by an arbitrary
group G. A finite dimensional G-graded algebra A = ⊕Ag is symmetric in
this category (we shortly say that A is graded symmetric), if A and A∗ are
isomorphic as G-graded A,A-bimodules. Here the grading on A∗ is given by
(A∗)g = {f ∈ A∗ | f(Ah) = 0 for any h 6= g−1}. Graded symmetric algebras
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were considered in [10] in the case of strongly graded algebras, and in [15,
Section 3] in the case of graded crossed products. Taking into account what
happens in the monoidal category of vector spaces, it is a natural question
to ask whether finite dimensional graded semisimple algebras are graded
symmetric, i.e. symmetric monoids in the category of graded vector spaces.
Our main result is
Theorem A. A finite dimensional graded semisimple algebra is graded
symmetric.
The first step is to look at graded division algebras. After we make some
general considerations about graded symmetric graded crossed products in
Section 2, we apply them to graded division algebras in Section 3. If A is
a finite dimensional G-graded division algebra, and D is the homogeneous
component of degree e of A, where e is the neutral element ofG, we construct
an action of G on the space D/[D,D], and prove that A is graded symmetric
if and only if D/[D,D] has non-zero coinvariants. By using Hilbert Theorem
90 we show that D/[D,D] is isomorphic as a kG-module to the center ℓ of
D, which is itself a kG-module. Finally, ℓ has non-zero coinvariants by using
the Normal Basis Theorem. Next we transfer the result to graded simple
algebras using the graded version of Wedderburn’s Theorem, and further to
graded semisimple algebras.
Theorem A is of particular interest in the case of graded division algebras,
which occur in graded Clifford theory. Indeed, if R is a group graded algebra,
and Σ is a simple object in the category of graded left R-modules, then the
full additive subcategory generated by Σ in the category of left R-modules
(the objects are epimorphic images of direct sums of copies of Σ) is equivalent
to the category of left ∆-modules, where ∆ is the endomorphism ring of the
R-module Σ, see [5] or [18, Chapter 4]. Since Σ is graded simple, ∆ is a
graded division algebra, so then the symmetry of ∆ provides information on
its representation theory, and further on the structure of Σ as an R-module.
A result related to Theorem A was proved in [10, Theorem 4]: if G is a
finite group and A is a strongly G-graded algebra over a commutative ring
k, such that the homogeneous component of A of trivial degree is a finite
direct sum of full matrix algebras over k, then A is graded symmetric. There
is just little overlap with our result. In the case where k is a field, the result
of [10] covers only a limited class of graded semisimple algebras.
We show that the center of a graded division algebra need not be sym-
metric. However, we have the following.
Theorem B. Let A be a finite dimensional G-graded division algebra
such that char k ∤ |G|. Then the center of A is a symmetric algebra.
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We mention that a question which is in some sense dual, was discussed in
[17]: when is a quotient of a symmetric algebra symmetric? We refer to [11]
for some recent developments, related to block theory of group algebras.
We work over a field k. If G is a group, a G-graded algebra is a k-algebra
A with a decomposition of k-spaces A = ⊕g∈GAg such that AgAh ⊆ Agh
for any g, h ∈ G. A is called a graded division algebra if any non-zero
homogeneous element is invertible. In this case Ae is a division algebra,
where e is the neutral element of G. A G-graded algebra is called a graded
crossed product if any homogeneous component of A contains an invertible
element. The support H = {h ∈ G|Ag 6= 0} of a G-graded division algebra
A is a subgroup of G, and A is obviously a graded crossed product when
regarded as an H-graded algebra. A graded algebra A is called graded
semisimple if the category of graded left A-modules is semisimple, i.e. any
object is a sum of simple objects in the category.
For notation and terminology about graded algebras we refer to [18].
We recall from [6] that a finite dimensional G-graded algebra A is graded
symmetric if and only if there exists a linear map λ : A → k such that
λ(ab) = λ(ba) for any a, b ∈ A, λ(Ag) = 0 for any g 6= e, and Ker λ does not
contain non-zero graded left ideals.
2. Graded crossed products
Let A = ⊕g∈GAg be a G-graded crossed product. Denote Ae = D. For
any g ∈ G we choose an invertible element ug ∈ Ag. We define a weak action
of G on D, i.e. a map σ : G → Autk−alg(D), by σ(g)(x) = ugxu−1g for any
g ∈ G and x ∈ D. Denote σ(g)(x) = g · x. Of course, this weak action
depends on the choice of the family (ug)g∈G.
Let ℓ = Cen(D), the center of the algebra D. Then ℓ is invariant under
the action of each σ(g), so σ induces a weak action of G on ℓ. This is in
fact a usual action of G on ℓ, i.e. the map θ : G→ Autk−alg(ℓ) = Gal(ℓ/k)
induced by σ is a group morphism, since for any g, h ∈ G and any a ∈ ℓ
g · (h · a) = uguhau−1h u−1g
= ughu
−1
gh uguhau
−1
h u
−1
g
= ughau
−1
gh uguhu
−1
h u
−1
g
= ughau
−1
gh
= (gh) · a.
Moreover, this action of G on ℓ does not depend on the choice of the set
(ug)g∈G. Indeed, if (vg)g∈G is another set of invertible elements with vg ∈ Ag
for any g ∈ G, one has
vgav
−1
g = ugu
−1
g vgav
−1
g
= ugau
−1
g vgv
−1
g
= ugau
−1
g
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for any g ∈ G and a ∈ ℓ.
On the other hand, [D,D] is invariant under the weak action of G, since
σ(g) is an algebra morphism. Then σ induces a weak action of G on the
factor space D/[D,D], defined by g · x = g · x, where x denotes the class
modulo [D,D]. Since
g · (h · x) = uguhxu−1h u−1g
= uguhu
−1
gh ughxu
−1
h u
−1
g
= (uguhu
−1
gh )(ughxu
−1
h u
−1
g )− (ughxu−1h u−1g )(uguhu−1gh ) + ughxu−1gh
= [uguhu
−1
gh , ughxu
−1
h u
−1
g ] + (gh) · x
for any x ∈ D and any g, h ∈ G, we see that g · (h · x)− (gh) · x ∈ [D,D], so
the weak action of G on D/[D,D] is also an usual action.
Definition 2.1. A symmetric k-linear form λ : D → k is called G-invariant
if λ(x) = λ(g · x) for any g ∈ G and any x ∈ D.
We note that the definition of G-invariance on a symmetric linear form λ
does not depend on the choice of (ug)g∈G. Indeed, if λ is G-invariant and
(vg)g∈G is another set of invertible elements, with vg of degree g, then
λ(vgxv
−1
g ) = λ(g · (vgxv−1g ))
= λ(ug−1vgxv
−1
g u
−1
g−1
)
= λ(xv−1g u
−1
g−1
ug−1vg)
= λ(x).
Proposition 2.2. Let A be a G-graded crossed product, and let Ae = D.
Then A is graded symmetric if and only if there exists a G-invariant sym-
metric linear form λ : D → k, whose kernel does not contain non-zero left
ideals of D.
Proof. Assume that A is graded symmetric, thus there is a non-zero sym-
metric linear form Λ : A → k with Λ(Ag) = 0 for any g 6= e, and such
that the kernel of Λ does not contain non-zero graded left ideals of A. Let
λ : D → k be the restriction of Λ to D. This is clearly symmetric. If I is a
left ideal of D with λ(I) = 0, then Λ(AI) = 0, so AI is zero, and then so
is I. Moreover, λ(g · x) = Λ(ugxu−1g ) = Λ(xug−1ug) = Λ(x) = λ(x) for any
g ∈ G and x ∈ D, so λ is G-invariant.
Conversely, let λ : D → k be a G-invariant non-zero symmetric linear
form. Define Λ : A → k by Λ(a) = λ(ae) for any a ∈ A, where ae is the
homogeneous component of degree e of a. If J is a graded left ideal of A
with Λ(J) = 0, then λ(Je) = 0, so Je = 0. Then J = AJe = 0. Also, Λ is
symmetric. Indeed, since Λ(Ag) = 0 for g 6= e, it is enough to show that
GRADED SEMISIMPLE ALGEBRAS ARE SYMMETRIC 5
Λ(ab) = Λ(ba) for any a ∈ Ag and b ∈ Ag−1 , where g ∈ G. For such a and b
we have
Λ(ab) = λ(ab)
= λ(ug−1abu
−1
g−1
)
= λ(bu−1
g−1
ug−1a)
= λ(ba)
= Λ(ba)

Remark 2.3. We note that the condition on the G-invariance of the sym-
metrizing form λ on D cannot be omitted in Proposition 2.2. In other words,
if Ae = D is symmetric, it does not necessarily follow that A is graded sym-
metric. An example of such a graded crossed product is given in [6, Remark
5.3], where a symmetric algebra R with an automorphism g of order 2 is con-
sidered, such that the subalgebra of invariants Rg is not symmetric. Then
the skew group algebra A = R ∗C2 is a C2-graded crossed product, Ae = R
is symmetric, but A is not even symmetric.
This example shows that if A is a finite dimensional strongly graded
algebra such that Ae is symmetric, it does not follow in general that A is
graded symmetric. The converse always holds, i.e. if A is graded symmetric,
then it is clear that Ae must be symmetric.
3. Graded division algebras
Throughout this section A is a finite dimensional G-graded division alge-
bra. Since the support of A is a subgroup of G, there is no loss of generality
if we assume that the support of A is G. In particular A is a G-graded
crossed product, and we can use the results and notation of Section 2. In
this case, D = Ae is a division algebra.
We recall that for a vector space V on which the group G acts (i.e. V is a
left kG-module), the dual space V ∗ has an induced right G-action. A linear
form v∗ ∈ V ∗ is G-invariant if and only if v∗(g · v − v) = 0 for any v ∈ V
and g ∈ G. Thus the subspace of G-invariants (V ∗)G can be identified with
(VG)
∗, the dual of the space VG of coinvariants of V ; VG is the factor space
of V with respect to the subspace spanned by all vectors of the form g ·v−v,
with g ∈ G and v ∈ V . In other words, VG = V/ω(G)V , where ω(G) is the
augmentation ideal of the group algebra kG.
We use these considerations for V = D/[D,D], with the G-action defined
in Section 2. We note that the right action induced on V ∗ is a special case of
the construction performed in [10, Lemma 1] for a strongly graded algebra
over a commutative ring.
Now we have the following characterization.
Proposition 3.1. Let A be a finite dimensional G-graded division algebra.
Then the following assertions are equivalent.
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(1) A is graded symmetric.
(2) Hom(D/[D,D], k)G 6= 0.
(3) (D/[D,D])G 6= 0.
Proof. It is clear that the k-linear space of all symmetric linear forms on D
can be identified with the space of all linear forms on D/[D,D], i.e. with
Hom(D/[D,D], k). A symmetric linear form on D is G-invariant if and only
if it belongs to Hom(D/[D,D], k)G when regarded as a form on D/[D,D].
Since D is a division algebra, everything follows now from Proposition 2.2
and the considerations before this Proposition for V = D/[D,D]. 
Lemma 3.2. Let A be a k-algebra and let k ⊂ K be an extension of fields.
Then [K ⊗k A,K ⊗k A] = K ⊗k [A,A], where K ⊗k A is regarded as a
K-algebra.
Proof. It follows immediately from the relation [α ⊗ a, β ⊗ b] = αβ ⊗ [a, b]
for any α, β ∈ K and any a, b ∈ A. 
A consequence of the previous Lemma, applied to the extension k ⊆ k,
where k denotes the algebraic closure of k, is the following.
Corollary 3.3. ([2, Lemma 3 and footnote 14]) Let D be a finite dimen-
sional k-division algebra, and let ℓ be the center of D. Then dimℓ [D,D] =
dimℓ D − 1.
Corollary 3.4. Let D be a finite dimensional k-division algebra with center
ℓ, such that char k does not divide dimℓD. Then 1 /∈ [D,D].
Proof. If 1 ∈ [D,D], then 1 ∈ ℓ⊗ℓ [D,D] = [ℓ⊗ℓ D, ℓ⊗ℓ D] by Lemma 3.2.
By [13, Theorem 15.1] we have ℓ⊗ℓD ≃Mm(ℓ), where m2 = dimℓD. Then
1 ∈ [Mm(ℓ),Mm(ℓ)], which is not possible, since tr(1) = m 6= 0 in ℓ, and the
trace of any commutator in Mm(ℓ) is zero. 
Remark 3.5. (1) If char k = 0, the Corollary above applies to any finite
dimensional division algebra. The same happens if char k = p > 0, provided
that k is a perfect field. This follows from a result of Albert which says that
the Brauer group of a perfect field has no p-torsion, see the comment in [8,
Theorem 2.5].
(2) It is possible that 1 ∈ [D,D] for certain finite dimensional division alge-
bras D. One such example is a quaternion division algebra in characteristic
2. Let k = F2(t) be the field of rational fractions in one indeterminate over
the field with two elements. Then the 4-dimensional k-algebra D with basis
{1, u, v, w}, subject to relations
u2 + u = 1, v2 = t, w = uv = v(u+ 1)
is a division algebra, and 1 = uv−vu ∈ [D,D]. The structure of this division
algebra is discussed in detail in [4].
Now we can prove the following, which is a key step towards Theorem A.
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Theorem 3.6. Let A be a finite dimensional G-graded division algebra.
Then A is graded symmetric.
Proof. Let z ∈ D \ [D,D]. By Corollary 3.3, D = ℓz + [D,D]. Let g ∈ G.
Since g · [D,D] = [D,D], we see that g · z /∈ [D,D], so there exist αg ∈ ℓ∗
and cg ∈ [D,D] such that z = αg(g · z) + cg. Now if g, h ∈ G, we have
z = αg(g · z) + cg
= αg(g · (αh(h · z) + ch)) + cg
= αg(g · αh)(gh · z) + αg(g · ch) + cg
showing that cgh = αg(g · ch) + cg and αgh = αg(g · αh). The latter relation
just says that the family (αg)g∈G is a 1-cocycle of G in ℓ
∗.
Let θ : G → Gal(ℓ/k) be the group morphism associated to the action
of G on ℓ. Let N = Ker(θ), and pick some n ∈ N . Then f : D → D,
f(x) = n ·x, is an automorphism of the division algebra D with f(a) = a for
any a ∈ ℓ. By the Noether-Skolem Theorem, f is inner, so there is u ∈ D
such that f(x) = uxu−1 for any x ∈ D.
Let φ : ℓ ⊗ℓ D → Mm(ℓ) be an isomorphism of ℓ-algebras, where m =√
dimℓD, as in the proof of Corollary 3.4. Then
φ(1 ⊗ (n · x− x)) = φ(1⊗ u)φ(1 ⊗ x)φ(1⊗ u)−1 − φ(1⊗ x)
in Mm(ℓ), so then φ(1 ⊗ (n · x − x)) has trace zero in Mm(ℓ). This shows
that φ(1 ⊗ (n · x − x)) ∈ [Mm(ℓ),Mm(ℓ)] = φ([ℓ ⊗ℓ D, ℓ ⊗ℓ D]), and then
1 ⊗ (n · x − x) ∈ [ℓ ⊗ℓ D, ℓ ⊗ℓ D] = ℓ ⊗ℓ [D,D]. Thus n · x − x must lie in
[D,D] for any x ∈ D. In particular n · z − z ∈ [D,D], so αn = 1.
Now αng = αn(n ·αg) = αg for any g ∈ G and n ∈ N , so αg only depends
on the class of g in the factor group G/N ≃ θ(G). Then θ(G) acts on ℓ∗ by
θ(g) · a = g · a for any g ∈ G and a ∈ ℓ, and the family (βq)q∈θ(G) defined by
βθ(g) = αg for any g ∈ G, is a 1-cocycle of θ(G) in ℓ∗. Since ℓ/ℓθ(G) is a finite
Galois extension with Galois group θ(G), we know that H1(θ(G), ℓ∗) = 1
by Hilbert Theorem 90. Thus there exists v ∈ ℓ∗ such that βq = q·vv for any
q ∈ θ(G), and then αg = g·vv for any g ∈ G.
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Now let Φ : ℓ→ D/[D,D] be the isomorphism of ℓ-vector spaces defined
by Φ(a) = avz for any a ∈ ℓ. If g ∈ G and a ∈ ℓ, we have
g · Φ(a) = g · (avz)
= g · avz
= (g · a)(g · v)(g · z)
= (g · a)(g · v)g · z
= (g · a)(g · v) 1
αg
z
= (g · a)vz
= Φ(g · a)
This means that Φ is an isomorphism of kG-modules, and in order to show
that (D/[D,D])G 6= 0, which by Proposition 3.1 will end the proof, it is
enough to show that ℓG 6= 0. This is the same with ℓθ(G) 6= 0. By the Normal
Basis Theorem, ℓ is a free ℓθ(G)θ(G)-module of rank 1, and then it is a free
kθ(G)-module of rank [ℓθ(G) : k]. Then ℓ 6= ω(θ(G))ℓ, so ℓθ(G) 6= 0. 
Remark 3.7. (1) Under certain conditions, we can construct a non-zero
coinvariant of D/[D,D] directly from an invariant of D/[D,D] = V . Indeed,
if char k does not divide the order ofG, u ∈ V is non-zero and g·u = u for any
g ∈ G, then u does not lie in ω(G)V . Indeed, if it did, then u =∑i(gi ·vi−vi)
for some (gi)i in G and (vi)i in V . Then
|G|u =
∑
g∈G
g · u =
∑
i
((
∑
g∈G
ggi)− (
∑
g∈G
g)) · vi = 0
Since |G| 6= 0 in k, this would imply that u = 0, a contradiction. Thus the
image of u in VG is non-zero.
In particular, if A is a finite dimensional G-graded division algebra such that
char k ∤ dimℓ A, then since dimℓ A = |G|dimℓ D, we can apply Corollary 3.4
and see that 1 (in fact its class modulo [D,D]) is a non-zero coinvariant of
D/[D,D].
(2) If 1 /∈ [D,D], then the inclusion of ℓ in D, followed by the natural
projection D → D/[D,D], produces directly an isomorphism of kG-modules
ℓ ≃ D/[D,D]. If 1 ∈ [D,D], which by Corollary 3.4 is a rare situation, then
one needs to construct such an isomorphism as in the proof of the previous
theorem.
4. Proof of Theorem A
We first consider finite dimensional graded simple algebras A, and we
show that they are graded symmetric. We recall that A is graded simple if 0
and A are the only graded ideals. It is known that in this case A is a direct
sum of minimal graded left ideals, isomorphic up to a graded shift, see [18,
Section 2.9].
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By the graded version of Wedderburn’s Theorem, see [18, Theorem 2.10.10],
a finite dimensional graded simple algebra is isomorphic to a graded alge-
bra of the form Mn(∆)(σ1, . . . , σn), for some positive integer n, some finite
dimensional graded division algebra ∆, and some σ1, . . . , σn ∈ G. We recall
thatMn(∆)(σ1, . . . , σn) is just the matrix algebraMn(∆) with theG-grading
such that the homogeneous component of degree g is
Mn(∆)(σ1, . . . , σn)g =


∆
σ1gσ
−1
1
∆
σ1gσ
−1
2
. . . ∆
σ1gσ
−1
n
∆σ2gσ−11
∆σ2gσ−12
. . . ∆σ2gσ−1n
. . . . . . . . . . . .
∆σngσ−11
∆σngσ−12
. . . ∆σngσ−1n


Proposition 4.1. A finite dimensional graded simple algebra is graded sym-
metric.
Proof. Let A = Mn(∆)(σ1, . . . , σn) be a graded simple algebra, as above.
Since the graded division algebra ∆ is graded symmetric, there exists a
non-zero linear map λ : ∆ → k such that λ(ab) = λ(ba) for any a, b ∈ ∆,
λ(∆g) = 0 for any g 6= e. Define Λ : A→ k by Λ(x) = λ(tr(x)), where tr is
the usual trace map of Mn(∆). Since for g 6= e we have σigσ−1i 6= e, we see
that λ(∆
σigσ
−1
i
) = 0 for any i, showing that Λ(Ag) = 0.
On the other hand, if x = (aij)1≤i,j≤n and y = (bij)1≤i,j≤n, then tr(xy) =∑
i,j aijbji and tr(yx) =
∑
i,j bjiaij, showing that Λ(xy) = λ(tr(xy)) =
λ(tr(yx)) = Λ(yx).
Finally we show that Ker Λ does not contain non-zero graded left ideals.
Indeed, if Λ(Ax) = 0, where x = (aij)1≤i,j≤n is a homogeneous element in A,
then for any i, j we have 0 = Λ((beij)x) = λ(baji) for any b ∈ ∆, where eij is
the usual matrix unit. Thus λ(∆aji) = 0, so λ(
∑
g∈G∆g−1(aji)g) = 0, and
then for any g ∈ G one has 0 = λ(∆g−1(aji)g) = λ(∆(aji)g)). If (aji)g 6= 0,
we would obtain λ = 0, a contradiction. This shows that aji = 0. We
conclude that x = 0, and then Λ makes A a graded symmetric algebra. 
Remark 4.2. In the case where the classes of σ1, . . . , σn in G/Z(G) are
equal, in particular in the case where G is abelian, there is an isomor-
phism of graded algebras ∆⊗Mn(k)(σ1, . . . , σn) ≃Mn(∆)(σ1, . . . , σn), given
by the usual algebra isomorphism ∆ ⊗Mn(k) ≃ Mn(∆). The grading on
Mn(k)(σ1, . . . , σn) is such that the homogeneous component of degree g is
the span of all matrix units eij for which σ
−1
i σj = g. This is a good grading
on the matrix algebra Mn(k), and it is known that it is graded symmetric,
see [6, Example 6.4]. In this case, the fact that Mn(∆)(σ1, . . . , σn) is graded
symmetric also follows from the fact that the tensor product of two graded
symmetric algebras is graded symmetric.
Let now A be a finite dimensional graded semisimple algebra. Then A
is a finite direct product of graded simple algebras, see [18, Section 2.9].
Using Proposition 4.1 and the obvious fact that a finite direct product of
graded symmetric algebras is graded symmetric, we obtain that any finite
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dimensional graded semisimple algebra is graded symmetric, which ends the
proof of Theorem A.
5. The center of a graded division algebra
We note that the center of a symmetric algebra is not necessarily sym-
metric, as the following examples show.
Example 5.1. (1) If A is a finite dimensional algebra, and M is a left
A, right A-bimodule, the space A ⊕M has an algebra structure with the
multiplication given by (a,m)(a′,m′) = (aa′, am′ +ma′); this is called the
trivial extension of A andM . IfM = A∗, the dual space of A, with the usual
bimodule structure, the trivial extension A⊕A∗ is a symmetric algebra, see
[14, Example 16.60]. It is easy to check that Cen(A⊕ A∗) = Cen(A) ⊕ V ,
where
V = {a∗ ∈ A∗| a∗([A,A]) = 0} ≃ A/[A,A]
Thus Cen(A⊕A∗) is the trivial extension Cen(A)⊕A/[A,A].
Assume that k has characteristic different from 2, and let A be the 4-
dimensional algebra generated by c and x, subject to relations
c2 = 1, x2 = 0, xc = −cx.
This is just the underlying algebra of Sweedler’s Hopf algebra. Then Cen(A) =
k and [A,A] =< x, cx >, so Cen(A ⊕ A∗) ≃ k[u, v]/(u2, uv, v2), a commu-
tative local algebra having more than one minimal ideal. We conclude that
Cen(A ⊕ A∗) is not even Frobenius, see for example [14, Exercise 14, page
114].
Finally note that if D is a finite dimensional k-division algebra, then
D/[D,D] has dimension 1 over the center ℓ of D, so the center of D⊕D∗ is
just the trivial extension ℓ⊕ ℓ∗, which is a symmetric k-algebra.
(2) Let A = kS3 be the group algebra of the symmetric group S3. The
center Cen(A) of A has a k-basis {1, x, y}, where x = σ + σ2 and y =
τ +στ +σ2τ , where τ is a transposition and σ is a cycle of length 3; indeed,
it is well known that a basis of a group algebra consists of the sums of group
elements in the conjugacy classes of the group. The basis elements satisfy
the relations
x2 = x+ 2, y2 = 3x+ 3, xy = yx = 2y
Using the notation in [14, page 451], if α = (α1, α2, α3) ∈ k3, then the
associated paratrophic matrix is
Pα =


α1 α2 α3
α2 2α1 + α2 2α3
α3 2α3 3α1 + 3α2


Then det(Pα) = 3(α2− 2α1)(α1+α2+α3)(α3−α1−α2). In the case where
k has characteristic 3, we get that Pα is singular for any α, so Cen(A) is
not Frobenius by [14, 16.82]. If k has characteristic 6= 3, then Cen(A) is
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Frobenius (or equivalently, symmetric), since for α1 = α3 = 0 and α2 6= 0,
Pα is nonsingular.
By the second example above, we see that the center of a graded division
algebra is not necessarily a symmetric algebra. However, Theorem B shows
that the center of a finite dimensional graded division algebra is symmetric,
provided that the order of G is not zero in k.
Proof of Theorem B: We keep the same notation as in Section 3. Let
R = CA(Ae) = {a ∈ A|ab = ba for any b ∈ Ae}, which is a graded division
subalgebra of A. We have that Re = CA(Ae) ∩Ae = Cen(Ae) = ℓ.
The weak action of G on A induces an action of G on R, more precisely
g ·r = ugru−1g for any g ∈ G and r ∈ R; here (ug)g∈G is a family of invertible
elements of A, with ug of degree g. This action of G on R is just the
Miyashita-Ulbrich action in the particular case of a graded division algebra.
The invariant subalgebra with respect to this action is RG = Cen(A).
Let µ : ℓ → k be a k-linear map such that µ(1) 6= 0, and let λ : ℓ → k,
λ(a) =
∑
g∈G µ(g · a). Clearly λ is k-linear and symmetric, λ(g · a) = λ(a)
for any g ∈ G, a ∈ ℓ, and λ is non-zero, since λ(1) = |G|µ(1).
Then as in the proof of Proposition 2.2 we can construct a non-zero sym-
metric linear map Λ : R→ k by Λ(r) = λ(re) for any r ∈ R. Moreover, Λ is
invariant with respect to the G-action. Indeed, if g ∈ G and r ∈ R, then
Λ(g · r) = Λ(ugru−1g )
= λ(ugreu
−1
g )
= λ(g · re)
= λ(re)
= Λ(r).
Now using [14, Exercise 33, page 457], we obtain that RG = Cen(A) is sym-
metric.
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